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All the information about equiangular lines over finite fields, which
are frames, is encoded in the triple products.
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Optimal Line Packings Over R and C
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Line Packings: Pack n lines in R or C?, where every line is
maximally spread apart.

Goal: Maximize pairwise interior angles, or minimize cos? 0

N7
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Given n lines in R? or CY, represented each by a unit vector
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Given n lines in R? or CY, represented each by a unit vector
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® is a Grassmannian Frame if ® is a global minimizer for the
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Step 2: Find examples which meet the bound.
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Given n lines in R? or CY, represented each by a unit vector

. |

New Goal: Minimize mix\ (pir i) 2.
i#]

Coherence: ;%(®) = m;g\?(| {(pi, iy > >0
i#]

® is a Grassmannian Frame if ® is a global minimizer for the
coherence

How To Find Grassmannian Frames:

Step 1: Find a lower bound on coherence.
Step 2: Find examples which meet the bound.

p(P)>0= o= (¢j)f—1 orthonormal is a Grassmannian frame. @
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The Welch-Rankin Bound and Equiangular Tight Frames.

For & = [(pl,...,go,,] in F9.

Welch-Rankin Bound (Welch; 1974) (Rankin; 1955)

—d
2(p) = vy 2, N—a
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The Welch-Rankin Bound and Equiangular Tight Frames.

For & = [(pl,...,go,,] in Fe.

Welch-Rankin Bound (Welch; 1974) (Rankin; 1955)

n—d

2 2
d) = iy ¥j >
With equality if and only if

* Equiangular: | (i, ¢;) [# = bforall i) } ® isan ETF
® Tightness: 0™ = ¢/

Tightness generalize the Pythagorean theorem or Parceval's
identity

—C/@ZII x: i) @il = c|x|?
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“Optimal” Line Packings over Finite Fields
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Discretizing Reality:

Finite

Field Analog to RY

Real IP Spaces ~ Orthogonal Geometries
R ~ IFZ, where g = p’ is odd.
Inner Products — Non-Degenerate Symmetric

Scalar Products
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Discretizing Reality: Finite Field Analog to R

Real IP Spaces ~ Orthogonal Geometries

d d — 7
R ~  Fg, where g = p® is odd.

Non-Degenerate Symmetric

Inner Products ~
Scalar Products

(—,—):RIxRI =R
(X y) = {y:x)
(x,—) : RY — R linear
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(—,—) 1 Fg xFg — Fq
(X, y) = (y,x)

(x,—): Fg — Fq linear
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(—,—):FIxFI - F,

(x,y) = (y,x)

(x,—) Fg—ﬂ? linear

(x,y) # 0 for some y € FZ iff x # 0
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Discretizing Reality: Finite Field Analog to R

Real IP Spaces ~ Orthogonal Geometries
R ~ IFZ, where g = p’ is odd.

Inner Products — Non-Degenerate Symmetric

Scalar Products
d d “Td d

(—,—) RIxR >R (= =) Fg xFg =Ty
(x,y) = {y,x) ~ (X y) =y, x)
(x,—): R? — R linear (x,—) IFZ — [y linear
(x,x) > 0iff x #£0 ~ {x,y) # 0 for some y € FY iff x # 0

Example: Non-degeneracy as a proof of being non-zero

= xTy the dot product.

V = F$ with (x,y)

1
x= |1 <
1
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Discretizing the Imaginary: Finite Field Analog to C?

Complex IP Spaces ~ Unitary Geometries
cd ~ IFZ2, where g = p’.
Non-Degenerate Hermitia
Inner Products ~ n-Degener rmitian

Scalar Products
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Discretizing the Imaginary: Finite Field Analog to C?

Complex IP Spaces ~~ Unitary Geometries
cA ~ IFZ2, where g = p.
XX ~ x> x9
Non-Degenerate Hermitian
Inner Products ~
Scalar Products
(—,—):CTxC?—=C <—,—>:IF‘22><IE“;2%Fq2
(x,y) = (y,x) -~ (xy) = (y,x)?
(x,—): C? — C linear (x,—): IFZ2 — Fge linear

(x,x) >0iff x#0 ~ <x,y>750forsomey€F22 iff x#0

lan Jorquera Systems of Lines over Finite Fields 10/29



Geometric Algebra (not algebraic geometry)

A TF-vector space V is called non-degenerate if it has a
non-degenerate symmetric/Hermitian scalar product.
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Geometric Algebra (not algebraic geometry)

A TF-vector space V is called non-degenerate if it has a
non-degenerate symmetric/Hermitian scalar product.
Case O (F=TFq)

V =T (choosing a basis)
(x,y) = xTMy, where MT = M
and is invertible.

There is a basis for V such that
M = Diag(1,...,1,0)

® § =1 is asquare

® § is not a square
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Geometric Algebra (not algebraic geometry)

A TF-vector space V is called non-degenerate if it has a
non-degenerate symmetric/Hermitian scalar product.

Case O (F=TFq) Case U (F =TFp)

V =T (choosing a basis) V= ng (choosing a basis)
(x,y) = xTMy, where MT = M (x,y) = x*My, where M* = M
and is invertible. and is invertible.
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M = Diag(1,...,1,9) M = Diag(1,...,1)

® § =1 is asquare
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Geometric Algebra (not algebraic geometry)

A TF-vector space V is called non-degenerate if it has a
non-degenerate symmetric/Hermitian scalar product.

Case O (F=TFq) Case U (F =TFp)

V =T (choosing a basis) V= ng (choosing a basis)
(x,y) = xTMy, where MT = M (x,y) = x*My, where M* = M
and is invertible. and is invertible.

There is a basis for V' such that There is a basis for V such that
M = Diag(1,...,1,9) M = Diag(1,...,1)

® § =1 is asquare

® § is not a square

The adjoint of A, is the map A' such that (Ax,y) = (x, ATy).
A map A: V — Vis called a unitary if (Ax, Ay) = (x,y)

(ATA = 1)
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Types of Geometry over R and C

The Real Case The Complex Case

V =RY vV =C¢

(x,y) = xTMy, where MT = M (x,y) = x*My, where M* = M
and is invertible. and is invertible.

There is a basis for V such that There is a basis for V such that
M = Diag(1,...,1,-1,...,-1) M = Diag(1,...,1), and (x,y) is

an inner product.
If M = Diag(1,...,1), then
(x,y) is an Inner product.

For inner products: AT = A*.
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What is an Elephant Really?

e N < M‘,\: B oy
¥"  The Blind Men and the Elephant. _, A\‘fﬁ*i‘rw

Inner Product

Its an Inner
Product!!!
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What is an Elephant Really?

Inner Product Spaces:
® Subspaces of inner product spaces are inner product spaces

® &= [p1,...,9n| and its Gram matrix ®*® = [(p;, })] give
“equivalent information”.
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What is an Elephant Really?

Inner Product Spaces:
® Subspaces of inner product spaces are inner product spaces
® &= [p1,...,9n| and its Gram matrix ®*® = [(p;, })] give
“equivalent information”.
Case O and U: Not the case. Consider an orthogonal geometry

V =TF} with (x,y) = xTy

dTd = [(pr1, )] = [8 8]

O NN
= N = O

im® C V is degenerate.
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Frame Theory (Greaves, Iverson, Jasper, Mixon; 2022), (J, King; 2025)

Let ® = [gpl,wg...,gpn] from V =F9 a,b,c € F. Then ® is a
e frame for im ® if im ® is non-degenerate < rk(®) = rk(®Td)
o c-tight frame for im ® if d&T = ¢/ on im ®
® (a, b)-equiangular if

® (pj,pj) =aforall j
® (i, k) (@K, pj) = b forall j # k

® (a, b, c)-equiangular tight frame(ETF) if all the above.
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Frame Theory (Greaves, Iverson, Jasper, Mixon; 2022), (J, King; 2025)

Let ® = [gpl,wg...,gpn] from V =F9 a,b,c € F. Then ® is a
e frame for im ® if im ® is non-degenerate < rk(®) = rk(®Td)
o c-tight frame for im ® if d&T = ¢/ on im ®
® (a, b)-equiangular if

® (pj,pj) =aforall j
® (i, k) (@K, pj) = b forall j # k

® (a, b, c)-equiangular tight frame(ETF) if all the above.

Example: V = F2 with (x,y) = xTMy, where M = Diag(1, 3)

4
2 1 1 3
o= ° ofo=11 2 1| 2 ,
2 1 1
1 -1 2 52
01234
®is a (2,1,3)-ETF for F2 of n = 3 vectors.
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Frame Theory: ETFs in case O and U

V = F} with (x,y) = xTMy, where M = Diag(1,1,1,2)

0000111111
6_ (0011001122
1100001212
1212120000

¢ is a (0,1,0)-ETF for F4 of n = 10 vectors.

V =F3, with (x,y) = x*y. Wisa (0,1,0)-ETF of 16 vectors.

12000000 aaaaaaaa
sga &P e 111 1 af e ef &Y
V=(000 00012 aaaaaaaa
00001200 aa aaa®aaa
00a°2°0 0 0 0a’a%a%a” aa®a a
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Implications for Reality

Over finite fields, there is no notion of coherence to be optimized.
We are merely mimicking what we once knew to be “optimal.”
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Implications for Reality

Over finite fields, there is no notion of coherence to be optimized.
We are merely mimicking what we once knew to be “optimal.”

Theorem for Case U (Greaves, lverson, Jasper, Mixon; 2022)

If ® is a ETF of n vectors for C9 then there exists ETFs of n
vectors in F;’z, in Case U, for infinity many fields with distinct
characteristics.

The converse is an open problem.
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Implications for Reality

Over finite fields, there is no notion of coherence to be optimized.
We are merely mimicking what we once knew to be “optimal.”

Theorem for Case U (Greaves, lverson, Jasper, Mixon; 2022)

If ® is a ETF of n vectors for C9 then there exists ETFs of n
vectors in F;’z, in Case U, for infinity many fields with distinct
characteristics.

The converse is an open problem.

A similar theorem is known for Case O, and the converse is known!

Theorem for Case O (Greaves, lverson, Jasper, Mixon; 2022)

If ® is an ETF of n vectors for Fg, in case O, with

charF, > 2n — 5 then there exists a real ETF of n vectors for RY

@
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Equivalence of Line Packings
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When are systems of lines the “same”? (J, King; 2025)

Let ® = (;)7_; and W = (¢;)7_; be collections of lines in .

Unitary Equivalence: if V = U®, = viv = oo
U € U(F9).
q) = \U =
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When are systems of lines the “same”? (J, King; 2025)
Let ® = (;)7_; and W = (¢;)7_; be collections of lines in .

Unitary Equivalence: if V = U®, = viv = oo

U € U(F).

Dalps

Switching Equivalence: if V = U®T = yiy = TiotoT
where T = diag(t1,...,t,), and |d;j|> =1

¢Z §
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When are systems of lines the “same”? (J, King; 2025)

Let ® = () and W = (¢)}_, be

Unitary Equivalence: if V = U®, viv = oo
U € U(F9).
Switching Equivalence: if V = U®T Yyt = TidTed T

where T = diag(t1,...,t,), and |d;j|> =1

¢Z §
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Invariants of Switching Equivalence
Let ® = (¢;)7_; be a frame for e,

m-product (m-vertex Bargmann invariant)

Double Product: A(y;j, ok) = (), vk) (0ks ¢j)

In R or C this is “measuring” the geodesic 0
distance. A(ypj, px) = cos?(6)
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Invariants of Switching Equivalence
Let ® = (¢;)7_; be a frame for e,

m-product (m-vertex Bargmann invariant)

Double Product: A(y;j, ok) = (), vk) (0ks ¢j)

In R or C this is “measuring” the geodesic
distance. A(ypj, px) = cos?(6)

Triple Product: A(yj, 0k, ©r) = (@), k) (@K, @e) {@e, ©j)

In R or C this is “measuring” the
symplectic area of a geodesic triangle.
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Invariants of Switching Equivalence
Let ® = (¢;)7_; be a frame for e,

m-product (m-vertex Bargmann invariant)

Double Product: A(y;j, ok) = (), vk) (0ks ¢j)

In R or C this is “measuring” the geodesic
distance. A(ypj, px) = cos?(6)

Triple Product: A(yj, 0k, ©r) = (@), k) (@K, @e) {@e, ©j)

In R or C this is “measuring” the A
symplectic area of a geodesic triangle. —

m-Product:
A(‘le, Loy asojm) = <(10j1a <)0_/'2> <50j27 (10]3> T <<ij_17 QDjm> <30jm7 §0j1>
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Invariants of Equivalence

Let & = (gpj)J'-’:1 and ¥ = (wj)J’-’zl be frames for F.

m-products are invariants

If & and W switching equivalent (W = U®T) then all m-products
are equal (1 < m < n).
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Invariants of Equivalence

Let & = (gpj)J’-’:1 and ¥ = (wj)J’-’zl be frames for F€.

m-products are invariants

If & and W switching equivalent (W = U®T) then all m-products
are equal (1 < m < n).

Theorem (Gallagher, Proulx; 1977), (Chien, Waldron; 2016), (J,

King; 2025)

If A(@jy, @pay -y Pjm) = DWjy, )y, .., ) forall 1 <m < n
then ® and W switching equivalent

In general, you need to look at all the m-products!
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But sometimes 3 is plenty!

Let ® = (¢;)/_; and W = (¢)]_; be frames for F9 (FF is finite in
case O or U).

Theorem (J, King; 2025)

If for all j # k we have that (p;, ¢x) # 0 and (1}, 1k) # 0 then ®
and V are switching equivalent if and only if all double and triple
products agree.
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But sometimes 3 is plenty!

Let ® = (¢;)/_; and W = (¢)]_; be frames for F9 (FF is finite in
case O or U).
Theorem (J, King; 2025)

If for all j # k we have that (p;, ¢x) # 0 and (1}, 1k) # 0 then ®
and V are switching equivalent if and only if all double and triple
products agree.

Theorem (J, King; 2025)

If ® and W are (a, b)-equiangular frames (magnitude of every
vector is a and all double products equal b) then ® and W are
switching equivalent if and only if all triple products agree.
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But sometimes 3 is plenty!

Let ® = (¢;)/_; and W = (¢)]_; be frames for F9 (FF is finite in
case O or U).
Theorem (J, King; 2025)

If for all j # k we have that (p;, ¢x) # 0 and (1}, 1k) # 0 then ®
and V are switching equivalent if and only if all double and triple
products agree.

Theorem (J, King; 2025)

If ® and W are (a, b)-equiangular frames (magnitude of every
vector is a and all double products equal b) then ® and W are
switching equivalent if and only if all triple products agree.

For this reason triple products have been widely used to study the
algebraic properties of frames. See (Appleby et al.; 2011), (Zhu;
2015), and (King; 2019).
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The Welch Bound Revisited
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A Flashback: Understanding ETFs in R and C

For ® 21 Onl in FY

R B n-d
®) = max| (pi. ¢ -

M ( ) "IIH ,H '(" l)

With equality if and only if

* Equiangular | (s, ) [F = bforall i # ) }..,,..m
* Tightness ®o* . ¢/
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A Flashback: Understanding ETFs in R and C

ETFs (optimal line packings) are understood in two ways

Geometrically as ETFs Combinatorially with
® Equiangular: | # j b= dn;dl
|(pir o) P = b (n=1)

e Tightness: d* = ¢/ ® n= # lines

® d = dimension

Do we get this over Finite Fields?
Short answer: No.
Long answer: Sort of!
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On the Failure of a Welch-Rankin Equality

Theorem (Greaves, Iverson, Jasper, Mixon; 2022)

If & is a (a, b, c)-ETF for V = F9 then d(n—1)b = (n — d)a?

(if the field is nice: b= g2-%5a?)
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On the Failure of a Welch-Rankin Equality

Theorem (Greaves, Iverson, Jasper, Mixon; 2022)

If & is a (a, b, c)-ETF for V = F9 then d(n—1)b = (n — d)a?
(if the field is nice: b= =9 3%)

d(n—1)
Example: V = F{ with (x,y) = xTy
[0 0 0 00 0 0 2]
0 000O0O12@0
00002420
é=10 0 0 0 2 4 0 2
011212273
1 01232 23
11023 4 41

® is a (2, 1)-equiangular frame for V.

It satisfies b= 1= 522 = an—_dl)ag
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On the Failure of a Welch-Rankin Equality

Theorem (Greaves, Iverson, Jasper, Mixon; 2022)

If & is a (a, b, c)-ETF for V = F9 then d(n—1)b = (n — d)a?
(if the field is nice: b= =9 3%)

d(n—1)
Example: V = F{ with (x,y) = xTy
[0 0 0 00 0 0 2]
0 000O0O12@0
00002420
é=10 0 0 0 2 4 0 2
011212273
1 01232 23
11023 4 41

® is a (2, 1)-equiangular frame for V.

It satisfies b= 1= 522 = d(’;_dl)az. But ® is not a tight frame
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A New Hope: Using Sums of Triple Products

Let T be a field with charF { dn, and V = [F¢.
Let & = [gol, R <p,,] for V be an (a, b)-equiangular frame for V

(a#0).
Theorem (J, King; 2025)
® is an (a, b, na/d)-ETF if and only if
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Let & = [gol, R <p,,] for V be an (a, b)-equiangular frame for V

(a#0).

Theorem (J, King; 2025)

® is an (a, b, na/d)-ETF if and only if
® d(n—1)b=(n—d)a°
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A New Hope: Using Sums of Triple Products

Let T be a field with charF { dn, and V = [F¢.
Let & = [gol, R <p,,] for V be an (a, b)-equiangular frame for V

(a#0).
Theorem (J, King; 2025)
® is an (a, b, na/d)-ETF if and only if
® d(n—1)b=(n—d)a°
n

nab .
¢ ZA(SOJ"SD/(’SDE) = ' for all j # k
(=1
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Applications of this Welch-Rankin Equality

Theorem (J, King; 2025)

Let & = [gol, .. ,cpn] be an (a, b)-equiangular frame for Fg in
Case O. If

e charF{d(d+1),and a#0, a®> # b

® [ C & of d+ 1 vectors, where A(p;, vk, ¢) is constant for all

distinct Pj, Pk, Pe € r

Then T is a regular d-simplex, an (a, b, {412) ETF
The converse of this is also true: a d-simplex has equal triple
products.
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Applications of this Welch-Rankin Equality

Theorem (J, King; 2025)

Let & = [gol, .. ,cpn] be an (a, b)-equiangular frame for Fg in
Case O. If

e charF{d(d+1),and a#0, a®> # b
® [ C & of d+ 1 vectors, where A(p;, vk, ¢) is constant for all
distinct Pj, Pk, Pe € r
Then T is a regular d-simplex, an (a, b, {412) ETF
The converse of this is also true: a d-simplex has equal triple
products.

More Results (J, King; 2025)

® Can be further generalized to sub-sets of ®, in either case O
or U, being k-simplices, but has an additional condition on
sums of triple products. @
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Simplices

V = F%} with (x,y) = xTMy, where M = Diag(1,1,1,2)

0000111111
¢:0011001122
1100001212
1212120000

® is a (0,1,0)-ETF for F§ of n = 10 vectors.

® & is a maximal ETF for ]FgL
No 4 x 10 real ETF is known to exist

Contains 30 regular 3-simplices: 15 square geometry, 15
non-square geometry, both pairs of 15 form (10, 4,2)-BIBDs

N7
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Questions

1111
¢=(1 1 2 2
1212
A (0,1,1)-ETF for F3
/ /:R
7/
R B —
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